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Abstract: A monomial basis and a filtration of subalgebras for the universal en- 
veloping algebra ii(g) of a complex simple Lie algebra Qi of type Ai is given in this note. 
In particular, a new multiplicity formula for the Weyl module V{\) of 11(0^) is obtained 
in this note. 
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Let Qi be a complex simple Lie algebra of type A;, and 11 = il(0z) its universal 
enveloping algebra. For any dominant integer weiget A G A_|_, V{X) denotes a finite 
dimensional irreducible il(g2)-module, the Weyl module. Following Littelmann [2], we 
define a new monomial basis and a filtration of subalgebras for il(gi). Furthermore, we 
obtain a new basis and a new multiplicity formula for the Weyl module V{\) of ii(g;) 
in this note. 

This paper is organized as follows: we introduce an ordering relation on 11(0; )~ in 
the first section; we define a new basis of il(gi)~ in Section 2; we record some useful 
commutative formulas and construct a filtration of subalgebras of it(gi) in Section 3; 
our main results concerning a new basis and a new multiplicity formula for the Weyl 
module V{\) of is given in Section 4; several examples for g; being of type A2 and 
A4 is given in the last section. We shall freely use the notations in [1] without further 
comments. 

We believe that our method could be generalized to the case of Di at least. Moreover, 
our results may also be generalized to the cases of Bi and Ci. We will deal with them 
in a further note. 

t Supported in part by the NNSFC (10271088). 
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1. An ordering relation on ii{Qi) 

1.1. Let A = {ai, a^-, ■ • ■ , ai} be the set of simple roots. Set ctj j = a^, and 

CKj j = ai + Q!j_|_i + • — h CKj, with 1 < i < j < I- 

Then 

= l<i<j<l} 

is the set of positive roots which has -l{l + 1) elements. Fix an ordering of positive 
roots as follows: 

ai,a2,ai 2, - ■ ■ , oii, • • • , «! • • • , ai /• 

Then define a Chevalley basis of gi 

= i^^i j — ji fi — fai i fi j — fai ji hi, 1^^^^, 1^^<J^^5 

accordingly. Let N be the set of non-negative integers. The Kostant Z-form ilz of il is 
the Z-subalgebra of il generated by the elements := e^/A;!, fa^^ := f^/k\ for a e 
and /c e N. Set 

fhi + c\ _^ + + (■-!)• ••(/^: + c-A- + l) 
\ k J ' k\ 

Then G ilz for 1 < i < c G Z, A; G N. Let be the positive part, 

negative part and zero part of il, respectively. They are generated by fi^^ and (^*) 
with /c G N, q; G and 1 < i < l, respectively. The algebra il is a Hopf algebra which 
has a triangular decomposition il = il~il°il"''. It is known that the PBW-type basis for 
il has the form of 

n/i""'ri(tO n^-' 

with aa,bi,Ca G N. In particular, if we define 

1(1+1) 

1 = {ii,i2,-- ■ ,^i(i±i)) e N 2 , 

2 

then 

/.X ..X (iiO+i)) 

_ f{tl) f{t2) f{fs) f — 2 — 

J — Jl J2 J 1 2 ' ' ' J 1 I 

_ 1(1+1) 

forms a PBW-type basis of il with all / G N 2 .In particular, one has / = 1 when 
/=(0,0,---,0)=0. 

1.2. First of all, wc define an ordering on N 2 "-<"as follows: for any /, / G 

N 2 ^ / = (^1,^2, ••• ) i 1(1+1) ) and /' = {i'i,i'2,--- ,i'i(i+i)), if there exists a k with 

2 — 2 — 

1 < A; < ^i^iiii such that ik < i'^, and ij = i'^ for all j > fc, then we say / -< otherwise, 

one has 1 = 1'. It is easy to see that for any 1,1' E N ^ 2 ' , if / 7^ /', we must have 
either I -< I' or I' -< I. Therefore, we can define an ordering on il~ " -< " in the same 
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way: we say ^ if and only if / ^ /'. It is easy to see that different basis elements 
do not be equal. Any element in il~ can be written uniquely in terms of 

/= E ^^^^ "x^'^- 

la+i) 

Moreover, we can define the leading element of / max f — when all the other -< 
with ttj, 7^ 0. Therefore, one has the following claim: 

1.3. If /i, /2, ■ ■ ■ , /m e it- with max/i ^ max/2 -< < max/^. Then /i, /2, • • • , 

fm are linearly independent. 

2. Some commutator formulas and 
a class of special sub algebras in ix(f|/) 

2.1. For 1 <i,i <l, one has the following commutator formulas (cf. [1]). 
(1) ^ifj = fj^i: when i ^ j; 

min(a,b) , i, , o7 \ 

(3) h^ff = ffh,-ka,{h,)ff-, 

+ j{k) ^ j{k) - kaj (hi) + _ 

(5) e •/'■"''* ■ ■ ■ ■ ■ ■ fl^^^ = ■ ■ ■ ■ ■ ■ /}"^'*e • + 

+ /^^ • • • ft'~'^ {h^ - a, + 1) /^l-^ • • ■ fi"'^ = fl"'^ ■ ■ ■ ft'^ ■ ■ ■ ft'^e,+ 

+ /^^ • • • ff^ ■ ■ ■ /i"^^ f /I. - a. + 1 - akakih)] • 



fc=i 

2.2. Furthermore, elements fi, fi j, {I < i < j < I) satisfy the following commutator 
relations (cf. [4] or [5]): 

(1) fi+lfi — fifi+1 + fi 

(2) fifj = fjfi, when 

(3) fi+i jfi = fifi+i j + fi j or fj+ifi j = fi jfj+i + fi j+i', 

(4) fi jfk = fkfi J, when i-k^l or k - j ^ 1; 

(5) fj+l kfi j = fi jfj+l k + fi k', 

(6) fi jfk h = fk hfi j, when k-j^l or i - h ^ 1; 

min(a,&) 
fe=0 

2.3. Let us construct a class of special subalgebras it(0i), 1 < i < Z, of it as follows. 



Set 



ii(S^) = (e^\ f ,^ I a„ 6„ c, G N, 1 < J < ^). 
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Then one has 

C C 11(02) c . . . C il(sz) = il. 

The set of positive roots in H{Qi) is just that of the first + 1) roots according to 
the ordering of 

3. A MONOMIAL BASIS OF 

3.1. Let K = {k\, , , ■ ■ ■ ,kj^ , kj^_i' , • • • ,ki , • ■ • jkj, ki_-^^, • • • , kl) 

1(1+1) 

e N 2 . Define an index set 

U:^{K e I kl-'+^ > > • • • > k[-'+\ l<i<l}. 

For any K ell, one has such a monomial 

0K ^jik{) fik'^-^) f(M{-^) . . . j^ikl-'+') j,iklz\+') _ _ _ 

The following theorem was first proved by Littelmann [2]. 

3.2. Theorem The set {9^\ K G 11} forms a basis of the X-form of il~ . 

Proof First of all, we have to show that elements of the set {9^\ K e 11} are 
linearly independent. 

Since {f^\ I e n'^'s" ^ } forms a PBW-type basis of one has for any K e H, 
9^ e il- and 



Moreover, for any K e U, one has /(i^) = (^1,4"^ - ■ ■ ■ , ^i"'^^ - 

kl, kl) G N ~ , because kj > kl_-^^ for all I < i,j < I with z + j < Z + 1. It is easy to 
calculate that 

max^''^ = f^^^\ with coefficient 1. 

Therefore, one has 

Note the fact that various ^^s and max^^s are different, when the corresponding 
Ks are different. We can conclude that elements of the set {9^\ G 11} are linearly 
independent. 

Next we show that the set {9^\ K G 11} generate 11^. For any / = , • • • , 

e we define K{I) = iii,^-' + 

«_i i-j+i i-j+i i-j+i 1 ^i-i 1 1 

G n. Then one has 

e^^'^ = f+j:a,fr 
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An easy induction on the ordering of N^^^^ shows that 

Combining the above facts, we show that the set {9^\ K e 11} forms a basis of the 
Z-form of ll~ . 

3.3. Define n;_i := {K e n| k] = 0, 1 < j < /} C n. We can see from the above 
discussion that the set {9^\ K G Hi-i} forms a basis of the Z-form of \X{qi-i)~ . 

Set n' := G n| /cj = 0, l<i< I}. 

3.4. If we define the ordinary vector addition in 11, one has the following claims: 

(1) n = ni_ien'; 

(2) If ^2 G n/_i and Kx G H', then O^^O^^ = 6^^+^'; 

(3) If Ki,K[e W with Ki^K[, then K2 + Ki ^ K[ for any K2 G n/_i. 

4. A NEW MULTIPLICITY FORMULA OF V{X) 

4.1. Let A be the set of weights for gi, and cl!i,U2, - ■ ■ , i^z the set of fundamental 
dominant weights. Then the set of dominant weights A""" is defined to be 

I 

{X = (Ai, A2, • • • , Xi) = E Ki^i with aU G N}. 

i=l 

Let E be the real vector space spanned by q;i,Q!2, ••• It is well-known that 
cti , q;2 , • ■ ■ ; c^z^ again form a basis of E, and wi, a;2, ■ ■ ■ jUJi form the dual basis relative 

to the inner product on E: (00^,0.)-) = ^^^^ ^''^ = Si j. If we restrict ourselves to 

considering the (/ — l)-dimensional subspaces E' of E spanned by cti, 02, ■ ■ ■ , ai-i, then 
ct^, a2 , ■ ■ ■ , ci^_i and wi, ^25 ■ " " 5 ^i-i remain the dual bases of E' relative to the inner 
product on E. Therefore, we can consider the restriction of to il(g;_i), and the 

restriction of A = (Ai, A2, ■ ■ ■ , A;) as a weight of Qi to Ag(_^ = (Ai, A2, ■ ■ ■ , A^-i) as a 
weight of Qi-i. Moreover, let A = (Ai, A2, • • • , A^) G A+ be a dominant weight, and v a 
maximal vector of weight A of the li(0z)-module V{X). Then l^(A)|it(g,_i) denotes the 
restriction of V^(A) to a it(5/_i)-module. 

We can make use of the recursive property of the basis {0^\ K G N ' 2" ' } to construct 
a new basis of the finite-dimensional irreducible 0-module V^(A) with A G A+, and to 
get a new multiplicity formula of V{X). Following Littermann [2], we define A^ in such 
a way: A} = Ai, and for 1 < j <l, X-[ is defined to be 

"1 1 /Z-j+2 J '"Jl '"Jl Jl-1 " ' Jl 

—M\Jl-j+2 J l-j+1 '"Jl '"Jl Jl-1 '"Jl 
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for i > 1 and j — 1, X] is defined to be 
for i > 1 and j > 1, is defined to be 

■ -tr ■ ■■//'■' ■ = (/«-' ■ • -/f • ■■//'■' ■ • ■/i"''") 

= f A< + E + E - 2 E *?) ■ • ■ /i"'' • ■ ■ ■ • ■ ff''A ■ 

\ q=l q=l q=l J \ / 

Note that our definition is somewhat different from Littelmann's definition in [2 §7]. 
Then we define the following two index set which are related to A (comparing with 
Littelmann's definition of S{X) in [2 §7]). 

Ha = n/,A :={K eU\0<ki <Xi, l<i<l, l<j<l-i + 1}. 

It is easy to see that IIa is a finite set. We shall show in Theorem 4.8 that the set 
{9^v\ K e Ha} forms a basis of the Z-form of V^(A). 

For any P e H', one has P = (0, ■ ■ ■ , Q,pi, Pi-i, ■ ■ ■ if we set po = 0, then we 
define 

n';, := {P e n'l Pi-Pi-i <Xi,i<i<i,}, 

and set A — ^ -^^^ Piai = X — Pa for later use. We shall see in Theorem 4.7 that is also 
a finite set, and it becomes an index set of highest weights of irreducible composition 
factors of V^(A) to be viewed as a gi_i)-module. 

4.2. Let V he a, il(0;)-module. we say a vector G F to be a primitive vector of V, 
if there are two submodules Vi , V2 with V2 C Vi C such that v E Vi, v ^ V2, and all 
ei with 1 <i < I vanish the canonical image of v in V1/V2. 

Let F be a iX(0/)-module. According to [3], we can prove the following lemma 
similarly. 

4.3. Lemma Let w be a primitive vector of weight X in V . Then V has a compo- 
sition factor isomorphic to V{X). 

Furthermore, one has the following lemma (cf. [1 §21.4.]). 

4.4. Lemma Let X — (Ai, A2, • • • , A;) e A"*" be a dominant weight, and v a maximal 
vector of weight X of V^(A). Then one has 

ff^+^\ = 0, l<i<l. 

4.5. Lemma Let X = (Ai, A2, ■ ■ ■ , A/) G A"*" be a dominant weight. Let V be a finite 
dimensional -module generated by a maximal vector v of weight X ofV. Then one 
has V ~ V{X). 

Proof If V is an irreducible iX(0/)-module. Then F ~ y(A). Otherwise, one has 



V = V{X) © M 
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according to the completely reducibility, because y is a finite dimensional il(gi)-module. 
But V is generated by a maximal vector, it must be an indecomposable il(gi)-module. 
This is a contradiction. 

4.6. Lemma Let X— (Ai, A2, • • ■ , A;) G A""" be a dominant weight, and P — {pi,pi-i, 
■ ■ ■ ,pi). Let V{X) be an irreducible ii{gi) -module with maximal vector v. If there is an 
i such that Pi — Pi-i > Aj > 0. Then one has 



Proof According to (2.2.7), one has 



Pi-i 

Ak) Api-i-k) Api-k) Api-2) Ap^)„, 
~ J i-1 iJ i-1 Ji Ji-2 '''Jl 

k=0 

Pi-i 

Ak) Api-i-k) Api--2) Api) Api-k) 
— 2-^ J i-\ iJ i-l Ji-2 '"Jl Ji " 



Note that k < Pi-\ and < Aj < — Pi-\ < Pi — k, the above summation is zero by 
lemma 4.4. 

Let A = (Ai,A2,-- - ,A/) e A+ be a dominant weight. The finite-dimensional irre- 
ducible iX(0/)-module V{X) can be viewed as a il(gi_i)-module. It is no longer irre- 
ducible, and can be decomposed into a direct sum of irreducible -module. The 
following theorem tell us how one can decompose it. 

4.7. Theorem Let X = (Ai, A2, ■ ■ ■ , A/) G A+ be a dominant weight. As a il(gi-i)- 
module, the irreducible ^{qi) -module V{X) has the following direct sum decomposition 



Proof By definition, 11^ is a finite set. Let |n^| = t. We can arrange elements of 
according to the ordering of defined in §1.2. Then one has 

n';, = {0 = Pi ^ P2 ^ • • • ^ Pt). 

Set 

Mp^ = C9^v, l<s<t-l, 

where v is a maximal vector of V{X) and Mp^ = V{X). Then one has 

C Mp^ C C • • • C Mp, = V{X). 

First of all, we show that Mp^, 1 < s < t, is a il(0z_i)-submodule of V{X). It does 
so when s = t. We need only to consider cases of 1 < s < t. For any 9^v G Mp^ with 
K -< Pg+i, it is still a weight vector, and for any hi with 1 < i < one has by (2.1.3) 

hi9^v = ai^6^v G Mp^, with a^^ G Z. 
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By (3.4.1), K = Ki+ K2 with Ki e W and K2 G Hi-i. Therefore, one has for any 
fi e with 1 < i < / - 1, 

fiO'^v =/,^^i+^^^ = /, (^^^^^1) V by (3.4.2) 

= a^,e^'+^^v, witha^/GZ. 

Note the fact that K = Ki + K2 ^ Ps+i, one has Ki -< Ps+i, and K' + Ki < P^+i for 
any K' e n/_i. Therefore, 

Furthermore, one has for any Cj with 1 < i < I, 

Akl) JkLi) Ak\) 
J I Ji-i "' Ji ^ 

n=l 

by (2.1.5) 

_ Ak[) Ak'^-') Ak[-') Ak^-i)Ak^-i) Ak^) 

— 2-^ Jl J2 Jl ''Ji Ji-1 '''Jl 

n=l 

//''V^r^---/f^^«n^ by (2.1.3) 

l-i+l 

= Y and^-^'-v, 



where 



n — 1 n n — 1 



and i^^ = (0, ■ ■ ■ , 0, 1, 0, ■ ■ ■ , 0) G with 1 occurring in the place, where hes in 

the corresponding K. Since K — -< K ~< Ps+i, one has 

l-i+l 
n=l 

It shows that Mp^ is stable under actions of Cj, hi with 1 < z < Z and fi with 1 < z < / — 1, 
and Mp^ is a ll(5i_i)-module. 



A NEW MULTIPLICITY FORMULA 



9 



Secondly, we show that 1 < s < t, are primitive vectors in V{X) when it is 

viewed as a il(gi-i)-module. Let Pg = (0, ■ ■ -OjPijPi-i, ■ ■ ■ ,pi) G 11^. Then one has 



g(Pi)...g(p<-i)g(p0^p.^ 

n) 
Pi 



_(pi) 1pi-i) Api) f{pi) f{pi-i) fiPi)., 



_M Jpi-i) / Api-k) (hi- 2pi + 2k\ (p^^k) \ Api-i) Api)^ 



— ei •••e^-i 



.Jpi) ipi-i) I Api-i) Api) 

• • -efe^^i/^i-^^ - Pi-iJ^i-iihi)yip_,-.) . . .^(p.)^ by (2.1.4) 



-ei e,_, f,_, h [ -^k=i[ p^ )v. 

where pq = 0, the second equahty is by (2.1.2), and the last third equality is because 
7^ if and only if |z — j| < 1, and aj{hj±i) = —l,aj{hj) = 2 . Note that 
Pk - Pk-i < Afc, one has < pk < \k + Pk-i, and (^'°^^'°"') 7^ for aU 1 < /c < I, 
i.e. e^^^'* ■ ■ ■ ei^{^^e[^''^9^''v 7^ 0. This shows that O^^v 7^ 0. By our construction, it is 
easy to see that O^'^v G Mp^ but 9^^v ^ Mp^_^. Therefore, We need only to prove that 
CiO^^v G Mp^_^ for 1 < z < / — 1, and then we can conclude that O^^v is a primitive 
vector in V{X). In fact, one has for 1 < z < Z 

=e^^e,v + //^'^ • • • /^-^) {h, -p, + l)ftr^ . . . /^^^ by (2.1.5) 
= (A, -p, + l +p,_i)/^^ • • • ■ ■ ■ fi''^v by (2.1.3) 

Since (0, • • • ,0,pi,--- ,Pi+i,Pi - l,Pi-i, ■•■ ,Pi) -< Ps, one has Cid^'^v G Mp^_^ as re- 
quired. 

Thirdly, we show that Mp^ — Mp^_-^ + !d{Qi-i)9^''v. "I)"is easy to be proved by 
definition of Mp^ and §3.4. Here we only prove "C". For any K E H with K -< Ps+i, 
one has a unique decomposition K = K2 + K1 with K2 G and Ki G n/_i. If K ^ Pg, 
then 9^v G Mp^_^. Otherwise, when Pg :< K ^ Ps+ii we must have K2 = Pg- Then 



p 



as required. 

Finally, we show that MpjMp^_^ ~ V {^\ — Pgo) . Let w be the canonical 

image of d^''v in MpjMp^_^. Then one has MpjMp^_^ ~ iX(0/_i)w. Since O^^v is a 
primitive vector in V{X), w becomes a maximal vector of weight (A — Pga)^^ ^ . Note the 
fact that V^(A) is a finite dimensional module, and MpjMp^_^ is also finite dimensional 
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and generated by a maximal vector w, we must have MpjMp^_^ ~ V ^(A — -PsCK)g,_i^ 
by Lemma 4.5. 

Using the complete reducibility, we complete the proof of Theorem 4.7. 
The following theorem was proved in [2, Theorem 25]. 

4.8. Theorem Let v be a maximal vector ofV{X). Then {9^v\ K e Ha} forms a 
basis of the 1,-form ofV{X). 

Proof We use induction on /. When / = 1, one has for any non-negative integer m 
that I < i < m} forms a basis of the Z-form of V{m) by Lemma 4.4. Assume 

that our theorem holds for I — 1, and then we have to show that the theorem holds 
for I. Let us use the same notations as in the proof of Theorem 4.7, and construct the 
bases of Mp^ for 1 < s < t. For s = 1, one has Mp^ ^ ^(Ag,_J as il(g/_i)-module, 
and {9^v\ K e } is a basis of Mp^ by the induction hypothesis. When s = 2, 

note the following facts: 

i) e^+P^v e Mp, if K G n;_i,(;,_p,,)^^_^ by §3.4(3); 

ii) the number of {0^\K G ^i-i,{\-P2a)g ^} is equal to dim]/ ((A — P20t)^^_^) by 
the induction hypothesis; 

iii) Mp,/Mp, ~ F ((A - P2« WO- 
Therefore, we see that 

{^^H K G ^i-i,x,,_j[j{e''e''^v = K G n,_i,(,_p,,)^^_j 

forms a basis of Mp^ . 
In this way, the set of 

{e^v\ K G n,_i,,^,_^ } U{^™^l K G n,_i,(,_p,,)^^_^ } (J 
•••U{^^+''*^|i^en,_i,(,_p,,)^^_J 

forms a basis of Mp^ = V{X). Note that elements in both the above set and the set of 
{9^v\ K G Ha} are same, this proves our theorem. 

Denote by n(A) the set of weights of the Weyl module V^(A). Let P = (0, ■ ■ ■ , 0,p;, 

Pi-i, •■■ ,Pi) ^ ^'x- Then we say Pa = Y!i=i Pi^i < SUi ^i^i ^^"^ o^^y Pi = 
and Pi < for alH = 1, 2, • • • ,1 — 1. 

4.9. Theorem Let jj, G n(A) be a weight ofV{X). Then the multiplicity mx{fi) of 
jjL in V{X) is equal to 

mxifi) = dimF(A)^ = J] dimF ((A - 

J2 ™(A-Pa),^_J/^0,_i)- 

Proof Let us use the same notations as in the proof of Theorem 4.7, and let 
A — /i = aiai + 0202 + ■ ■ ■ + aiai with all > 0, i — 1, 2, ■ ■ ■ , /. Then the basis 
elements of weight in V{X) are M = {e^v\ K = {k{, k^'^ k[~\ ■ ■ ■ , kl~'+\ 
• • • , ■ ■ ■ , kl, kl_^, ■■■ ,kl) eUx with k} = ai, k}_^ + kf_^ = a^-i, ■■■ ,k\ + kl + 

■ ■ ■ + kf — ai} , and the number of M. is equal to mxin)- If we divide M. into a disjoint 
union of Mi, where Mi = {9^v\ K e M with Pi ^ K ^ Pi+i}- Prom Theorem 4.8, we 
see that Mi C Mp., and the number of Mi is equal to mf^x-Pio) {f^gi-i)- Now Theorem 
4.9 follows from Theorem 4.7. 



(Mb(_i) 
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5. Examples 

5.1. When / = 2, is of type A2. One has for A = auji + ho2 = (a, 6) G A+ the 
foUowing index sets: 



Jl = {{klklk\)\k\<kl}<z^\ 
n' = {{Q,klk\)\k\<kl}<zn 



Ha = {{kl,kl,k\)\ k\ <a,kl<a + kl -2kl,kl < 6 + /c}} C n, 
= {(0,P2,Pi)| Pi < a,p2-pi <b}C U'. 

In particular, if A = 2uji + 3u;2 = (2, 3), then Ha = {(/c?, /c^, kj) E U\ kj < 2,kj < 2 + 

kl-2k\,kl < 3 + /ci}, and li'^ = {Pi = (0,0,0) ^ P2 = (0,1,0) ^ P3 = (0,2,0) ^ P4 = 
(0,3,0) ^ P5 = (0,1,1) ^ Pe = (0,2,1) ^ P7 = (0,3,1) ^ Pg = (0,4,1) ^ Pg = 
(0, 2, 2) ^ Pio = (0, 3, 2) -< Pn = (0, 4, 2) ^ P12 = (0, 5, 2)}. 
Moreover, 

Mp^ has basis {v, /if, /i^'*f }, and is isomorphic to V{2) as il(0i)-modules; 

Mp^/Mp^ has basis {f2V, fif2V, /[^^ f2V, f[^^ f2v}, and is isomorphic to F(3) as ll(0i)- 
modules; 

MpjMp^ has basis {/f , /i/f , /f ^, /f and is isomorphic to 

V{A) as il(3i)-modules; 

MpjMp^ has basis {/f ^t^, /i/i'^^, /f ^, \ Vi'^W, and is iso- 

morphic to V{6) as il(0i)-modules; 

Mp^/Mp^ has basis {f2fiv, fif2fiv}, and is isomorphic to F(l) as iX(0i)-modules; 

Mp^/Mp^ has basis {/2^''/if , hf^'' fiv, fi^^ f2^^ fiv}, and is isomorphic to V{2) asil(£|i)- 
modules; 

MpjMp^ has basis {/i^Vi^, /i/i^Vi^, /f Vi^Vi^, /f Vi""}, and is isomorphic to 
y(3) as 11(01 )-modules; 

MP3/MP, has basis {/i'Vi^, /i/i'Vi^, A'^ft^fiv, /f Vi'Vi^, Vi'ViW, and is iso- 
morphic to F(4) as il(0i) -modules; 

Mp^/Mpg has basis {/2^''/i^''^'}: and is isomorphic to V{0) as il(0i)-modules; 
Mp^^/Mp^ has basis {/i^Vi^^'^j/i/i^Vi^^'^}^ and is isomorphic to V{1) as il(5i)-modules; 
Mp^jMp^^ has basis {/i'Vf /f Vi'Vf ^^}, and is isomorphic to V{2) 

as il(gi)-modules; 

Mp^jMp^^ has basis {/i'Vf /i/i'Vf /f /f ^^}, and is isomor- 

phic to F(3) as il(gi)-modules. 

Put all these elements together, we get a basis of y(2c<;i-|-3c<;2). Furthermore, one has 
y(2cc;i -I- 3a;2)|n(0i) - ©i=i ^(-^ " -Pia)|ii(0i)- It is known that mx{lj) = 3 for /i = uj2, 
and \ — jJL = 2ai + 2a2- Using Theorem 4.9, one has m\{ij) = m(A-P3a)g^ if^si) + 

"^(A-Pea)^! + ™(A-P9a)8i (/^£li) = ^4(6) + m2(0) + mo(0) = 1 + 1 + 1 = 3. 
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5.2. When / = 4, is of type A4. One has for A 

(a, b, c, d) G A_|_ the foUowing index sets 



auji + huj2 + GO'S + (ia;4 



jio 



— ■ 7 

Oj ""h" ^2 ^2 ^ ' 2A^-j^ 2A^-|^ ^ 



n = { (fc]^ 5 ^2 5 ^1 5 ^3 ' ^2 5 ^1 5 ^4 5 ^3 5 ^2 5 ^1 ) I ^1 — ^2 5^1 — ^2 — ^3 5 ^1 — ^2 — ^3 — ^4 } 

n' = {(0, • • • , 0, fcl, kl kl, k\)\ k\ <kl< kl < kl) C 

= {(^1, 5 ^1' ^3' ^2' ^1' ^4' ^3' ^2' ^l) I ^1 

^ ^ ~\~ k-^ ~\~ k-y ~\~ k-y ~\~ k^ ~\~ k^ 

k^ ^ C ^ ^2 ^^ ^4 ^^3' ^2 — ^ ^ ^1 ' '"^1 ' "^1 

kl <d + kl,kl <c + kl,kl <b + kl,kl < a} C n, 

= {(0> • • • >0,p4,P3,p2,Pl)| Pi < a,P2 -Pl< b,P3-p2 < C,P4 -PS < C^} ^ H'. 

If we take A = c^i + u;2 + u;3 + 0)4 = (1, 1, 1, 1), then 11;^ {(^i; ^i; ^i; ^35 ^2; ^i; ^45 

^3' ^2' ^1) ^ ^1 — ^2 ~^ ^2 ~^ ^2 2/?^ Qik-^ 2fc-[^ , ^2 ^ 1 ~l~ ~l~ ~l~ + 

/t^ ~l~ ^^2 ^^2' ^1 ^2 ^2 2A^-j^ 2A^-j^ , A^*^ ^ X ~|~ A^2 A^2 ^4 ^^3? ^2 

1 ~|~ /t"!^ ~|~ k-^ ~\~ k-^ 2/^27 k^ ^ 1 ~[~ A^2 7 ^4 ^ ^3 1 ^3 ^ 1 ^2 ' ^2 — ^1 7 ^1 — } 7 

and n';, = {Pi = (O,--- ,0) ^ P2 = (O,--- ,0,1,0,0,0) ^ P3 = (0, • ■ ■ , 0, 1, 1, 0, 0) ^ 
P4 = (O,--- ,2,1,0,0) ^ P5 = (O,--- ,0,1,1,1,0) -< Pe = (O,--- ,0,2,1,1,0) -< P7 = 
(O,--- ,0,2,2,1,0) ^ Pg = (O,--- ,0,3,2,1,0) ^ Pg = (0, • 
(O,--- ,0,2,1,1,1) ^ Pn = (O,--- ,0,2,2,1,1) ^ P12 = (0, 
(O,--- ,0,2,2,2,1) -< Pi4 = (O,--- ,0,3,2,2,1) ^ P15 = (0, 
(O,--- ,0,4,3,2,1)}. 

Therefore, one has the following isomorphisms of ll(g3)-modules: 



,0,1,1,1,1) ~< Pio = 
•,0,3,2,1,1) ^ Pi3 = 
• ,0,3,3,2,1) ~< P16 = 



Mp, ~ F(l, 1, 1), MpjMp, ~ V{1, 1, 2), MP3/MP, ~ F(l, 2, 0), 

Mp,/Mp3 ~ y(l,2,l), MpjMp, ~ F(2,0,l), MpjMp, ~ F(2,0,2), 

Mp,/Mp, ~ V{2, 1, 0), Mp^/Mp, ~ V{2, 1, 1), Mp,/Mp3 ~ V{0, 1, 1), 

MpjMp^ ~ F(0, 1, 2), MpjMp^^ ~ F(0, 2, 0), MpjMp^^ ~ F(0, 2, 1), 

Mp,3/Mp,,~F(l,0,l), Mp,,/Mp,3~F(l,0,2), Mp,jMp,,~F(l,l,0), 
Mp,,/Mp,,~F(l,l,l). 



Moreover, one has V(wi+a;2+u;3+a;4)|n(03) ~ 0j^=i V(A-Pia) |n(g3), andmA(At) = 8 
for n = UJ2 + OJ:^ = (0, 1, 1, 0) with A — = cti + q;2 + q;3 + q;4. Using Theorem 4.9, one 
has 

mx{^l) =m(A-P2a),3 (/^fls) +™(A-P3a)fl3 (/^£|3 ) + ™(A-P5«)b3 (^^03 ) + "^(A-P9a)fl3 (/^fla) 

="^(i,i,2)(0, 1, 1) + m(i,2,o)(0, 1, 1) + m(2,o,i)(0, 1, 1) + m(o,i,i)(0, 1, 1) 
=4 + 2 + 1 + 1 = 8. 
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